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1 Introduction
Let $\Omega$ be an exterior domain in $R^{n}(n\geq 3)$ , the half space $R_{+}^{n}$ , or the whole space $R^{n}$ and
assume that the boundary $\partial\Omega$ is of class $C^{2+\mu}(0<\mu<1)$ . The motion of the incompressible
fluid occupying $\Omega$ is governed by the Navier-Stokes equations:
$(N-S)$ $\{$
$\frac{\partial w}{\partial t}-\Delta w+w\cdot\nabla w+\nabla\pi=f$ , $\mathrm{d}\mathrm{i}\mathrm{v}w=0$ $x\in\Omega,t\in R$ ,
$w=0$ on $\partial\Omega$ , $w(x)arrow \mathrm{O}$ as $|x|arrow\infty$ ,
where $w=w(x,t)=(w^{1}(X, t),$ $\cdots,$ $w^{n}(x,t))$ and $\pi=\pi(x, t)$ denote the unknown velocity vector
and the unknown pressure of the fluid, respectively, while $f=f(x,t)=(f^{1}(x,t),$ $\cdots,$ $f^{n}(x,t))$
is the given external force. In [11], Kozono-Nakao constructed periodic strong solutions in
unbounded domains for some periodic external force $f$ . Their solutions belong to $BC(R;L^{r}\cap$
$L^{\infty})$ for some $n/2<r<n$ .
The purpose of the present paper is to show the stability of such solutions. If $w(x, \mathrm{o})$ is




$\frac{\partial v}{\partial t}-\Delta v+v\cdot\nabla v+\nabla q=f$ , $\mathrm{d}\mathrm{i}\mathrm{v}v=0$ in $\Omega,$ $t>0$ ,
$v=0$ on $\partial\Omega,t>0$ , $v(x,t)arrow 0$ as $|x|arrow\infty$ ,
. $v(x,\mathrm{O})=w(x,\mathrm{O})+a(x)$ for $x\in\Omega$ .
We show that if the periodic solution $w$ is small in $L^{\infty}(\mathrm{o}, \infty;L^{m_{1}}\cap L^{m_{2}})$ for some $m_{1}<n<m_{2}$
and if the initial disturbance $a$ is small in $L^{n}(\Omega)$ , then there is a unique global strong solution $v$
of $(N-S_{1})$ such that the integrals
$\int_{\Omega}|v(x,t)-w(X,t)|\prime\prime dx$ for $n<r<\infty$
converge to zero with definite decay rates as $tarrow\infty$ .
Let $w$ and $v$ be solutions of $(N-S\mathrm{o})$ and $(N-S_{1})$ , respectively. Then the pair of functions
$u\equiv v-w,p\equiv q-\pi$ satisfies
$(N-S’)$ $\{$
$\frac{\partial u}{\partial t}-\Delta u+w\cdot\nabla u+u\cdot\nabla w+u\cdot\nabla u+\nabla p=0$ $\mathrm{d}\mathrm{i}\mathrm{v}u=0$ $\mathrm{i}\mathrm{n}\Omega,t>0$ ,
$u=0$ on $\partial\Omega,t>0$ , $u(x,t)arrow \mathrm{O}$ as $|x|arrow\infty$ , $u|_{t=0}=a$ .
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Thus our problem on the stability for $(N-S)$ can now be reduced to investigation into existence
of global strong solutions to $(N-S’)$ and their asymptotic behavior. If $w\equiv 0$ , our problem
coincides with the initial boundary value problem for the usual nonstationary Navier-Stokes
equations. Kato [9] constructed a global strong solution of $(N-S)$ having a decay property
by the iteration method. His method needs the global estimate $\sup_{0<t}<\infty^{t^{1/2}}||\nabla u(t)||_{n}<\infty$ .
On the other hand, the periodic solution $w$ prevents us from getting this estimate. Hence we
introduce a notion of mild solution as Kozono-Ogawa [13]. We first construct a global mild
solution having a decay property. Then we shall show that this mild solution can be identified
locally in time with the strong solution. Since the time interval of existence of strong solutions
is characterized by the $L^{2n}$-norm of the initial data, we may conclude that our mild solution is
actually a strong one.
2 Results
Throughout thi$s$ paper we impose the following assumption on the domain.
Assumption 2.1 $\Omega\subset R^{n}(n\geq 3)$ is an exterior domain with smooth boundary, the half-space
$R_{+}^{n}$ or the whole space $R^{n}$ .
Before stating our results, we introduce some notations and function spaces. Let $C_{0,\sigma}^{\infty}$ denote
the set of all $C^{\infty}$ -real vector functions $\phi=(\phi^{1}, \cdots, \phi^{n})$ with compact support in $\Omega$ such that
$\mathrm{d}\mathrm{i}\mathrm{v}\phi=0$ . $L_{\sigma}^{r}$ is the closure of $C_{0,\sigma}^{\infty}$ with respect to the $L^{r}$-norm $||$ $||_{r}$ ; $(\cdot, \cdot)$ denotes the $L^{2_{-}}$
inner product and the duality pairing between $L^{r}$ and $L^{r’}$ , where $1/r+1/r’=1$ . $||$ $||_{r,\infty;\tau}$
and $||$ $||_{r,\infty}$ denote the $L^{\infty}(\mathrm{O}, T;Lr)$ and $L^{\infty}(\mathrm{O}, \infty;L^{r})$ -norms, respectively. In this paper, we
denote by $C$ various constants. In particular, $C=C(*, \cdots, *)$ denotes the constant depending
only on the quantities appearing in the parentheses.
Let us recall the Helmholtz decomposition:
$L^{r}=L_{\sigma}^{r}\oplus G_{r}$ ( $\mathrm{d}\mathrm{i}_{\Gamma \mathrm{e}}\mathrm{c}\mathrm{t}$ sum), $1<r<\infty$ ,
where $G_{r}=\{\nabla p\in L^{r}; p\in L_{loc}^{r}(\overline{\Omega})\}$ . $P_{r}$ denotes the projection operator from $L^{r}$ onto $L_{\sigma}^{r}$ along
$G_{r}$ . The Stokes operator $A_{r}$ on $L_{\sigma}^{r}$ is then defined by $A_{r}=-P_{r}\Delta$ with domain $D(A_{r})=\{u\in$
$W^{2,r}(\Omega);u|_{\partial\Omega}=0\}\cap L_{\sigma}r$ .
Our definition of strong and mild solutions of (N-S) and (N-S’) are as follows:
Definition 1 Let $a\in L_{\sigma}^{n}.$ A measurable function $u$ on $\Omega\cross(0, T)$ is called a strong solution of
(N-S’) on $(0, T)$ if
(i) $u\in C([0, T);L_{\sigma}^{n})\mathrm{n}C^{1}((\mathrm{o},\tau);L^{n})\sigma$ ;
(ii) $u(t)\in D(A_{n})$ for $t\in(0, T)$ and $A_{n}u\in C((0, T);L^{n})\sigma$ ;
(iii) $u$ satisfies
$\frac{\partial}{\partial t}u+A_{n}u+P_{n}(u\cdot\nabla u)+P(u\cdot\nabla w)+P(w\cdot\nabla u)=0$ in $L_{\sigma}^{n}$ on $(0,T)$ .
Similarly as above, for an external force $f\in C((\mathrm{O}, T);L_{\sigma}^{n})$ we define the strong solution of
$(N-S)$ on $(0,T)$ , so we do not write its definition here. Next we define a mild solution of (N-S’)
as Kozono-Ogawa [13]
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Definition 2 Let $a\in L_{\sigma}^{n}$ and let $w\in L^{\infty}(\mathrm{O},\tau;L_{\sigma}^{m})$ for some $m>n$ . Suppose that $n<r<\infty$ .
A measurable function $u$ on $\Omega\cross(0, T)$ is called a mild solution of $(N-S^{/})$ in the class $S_{r}(0, T)$
if
(i) $u\in BC([0,T);L_{\sigma}n)$ and $t^{(-}n/r$ )$/2u(1.)\in BC([0,T);L^{r})\sigma$ ;
(ii) $\lim_{tarrow+}0t(1-n/7^{\cdot})/2||u(t)||_{T}=0$ ;
(iii) $u$ satisfies
$(u(t), \phi)$ $=$ $(e^{-tA}a, \phi)+\int_{0}^{t}(u(S)\cdot\nabla e^{-(t}-s)A\phi,u(s))dS$
$+ \int_{0}^{t}(w(s)\cdot\nabla e-(t-s)A\phi,u(s))d_{S}$
$+ \int_{0}^{t}(u(s)\cdot\nabla e-(t-S)A\phi, w(s))d_{S}$
for all $\phi\in C_{0,\sigma}^{\infty}$ and all $0<t<T$ .
Remark 2.1 By the similar argument given by Brezis [4] and Kato [10], we see that the
condition (ii) follows from (i) and (iii), so (ii) is not necessary. The proof of this fact, however,
is not brief. Hence we impose the condition (ii) for simplicity.
Our results are stated as follows.
Theorem 2.1 Let $a\in L_{\sigma}^{n}$ and let $w(t)\in L^{\infty}(\mathrm{O}, \tau;L_{\sigma^{1}}^{m}\cap L_{\sigma}^{m_{2}})$ for some $m_{1},$ $m_{2}$ with $2n/(2n-$
$3)\leq m_{1}<n<m_{2}$ . There are positive numbers $\lambda_{1}(n, m_{1,2}m),$ $\lambda_{2}(n)$ such that if
(2.1) $||w||_{m_{1},\infty}+||w||_{m_{2},\infty}<1/\lambda_{1}$ ,
(2.2) $||a||_{n}<\lambda_{2}(1-\lambda_{1(}||w||_{m_{1}},\infty+||w||_{m_{2},\infty}))^{2}$ ,
then there $i_{\mathit{8}}$ a unique mild solution $u$ of (N-S’) in the class $S_{2n}(\mathrm{o}, \infty)$ with the decay property
$||u(t)|| \iota\leq c_{t^{-\frac{\tau}{2}(}}‘\frac{1}{\tau\iota}-\frac{1}{l})$ for $n\leq l\leq 2n$ .
Theorem 2.2 Let (2.1) and (2.2) hold. For every $2n<r<\infty$ , there are positive numbers
$\eta_{1}(n, m_{1}, m_{2}, r),$ $\eta 2(n,r)$ such that if
(2.3) $||w||_{m_{1},\infty}+||w||_{m_{2},\infty}<1/\eta_{1}$ ,
(2.4) $||a||_{n}<\eta 2(1-\eta 1(||w||_{m}1,\infty+||w||_{m_{2},\infty}))^{2}$ ,
then the mild solution $u$ given in Theorem 2.1 has the additional decay property
$||u(t)||l \leq c_{t^{-\frac{n}{2}\mathrm{t}}}\frac{1}{n}-\frac{1}{l})$ for $2n\leq l\leq r$ .
Theorem 2.3 In addition to the hypotheses of Theorem 2.1, assume moreover that $w$ is a strong
solution of (N-S) on $(0, \infty)$ for some external force $f\in C((\mathrm{O}, \infty);L_{\sigma}n)$ . Then the mild solution
given in Theorem 2.1 is a strong solution of (N-S’) on $(0, \infty)$ .
Remark 2.2. When $\Omega=R^{n}$ with $n\geq 3$ and when $\Omega$ is an exterior domain in $R^{n}$ with
$n\geq 4$ , for small periodic force $f$ , Kozono-Nakao [11] constructed the strong periodic solution
$w$ with (2.1); their solution $w$ belongs to $BC(R;L^{r})$ for $2<r<n$ with $\nabla w\in BC(R;Lq)$ for
$n/2<q<n$ . If $f$ is sufficiently small, then $||w||L^{\infty}(0,\infty;L^{r})+||\nabla w||L^{\infty}(0,\infty;L^{q})$ is also sufficiently
small. By the Sobolev inequality, $w\in BC(R;Lp)$ for all $p\in[r, nq/(n-q)]$ . Since $nq/(n-q)>n$ ,
this implies (2.1).
Maremonti $[14],[15]$ also showed the existence of the periodic solutions in the three-dimensinal
whole space $R^{3}$ and the half space $R_{+}^{3}$ . It seems to be an open question wether there exists a
periodic $s$olution in three-dimensional exterior domain.
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3 Preliminaries.
Let us first recall the following $L^{q}-L^{r}$-estimate for the semigroup $\{e^{-tA}\}_{t\geq 0}$ .
Lemma 3.1 ( $\mathrm{K}\mathrm{a}\mathrm{t}\mathrm{o}[9],$ $\mathrm{U}\mathrm{k}\mathrm{a}\mathrm{i}[17],$ Giga-Sohr|7], $\mathrm{I}_{\mathrm{W}}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{a}[8]$,
Borchers-Miyakawa[1], [2] $)$
(3.1) $||e^{-tA}a||_{r}$ $\leq M_{q,r}t^{-\frac{7}{2}(}‘\frac{1}{q}-\frac{1}{?})||a||q$
’ $1<q\leq r<\infty$ ,
(3.2) $||\nabla e^{-tA}a||_{r}$ $\leq M_{q,r}’t^{-\frac{n}{2}\langle\frac{1}{r}}\frac{1}{q}-)-\frac{1}{2}||a||_{q}$ , $1<q\leq r\leq n$
for all $a\in L_{\sigma}^{q}$ and all $t>0$ , where $M_{q,r},$ $M’q,r$ are constants depending only on $q,$ $r$ .
Concerning $r=\infty$ , we have
Lemma 3.2 $(\mathrm{C}\mathrm{h}\mathrm{e}\mathrm{n}[5],\mathrm{B}_{0}\mathrm{r}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{s}-\mathrm{M}\mathrm{i}\mathrm{y}\mathrm{a}\mathrm{k}\mathrm{a}\mathrm{W}\mathrm{a}[1],[3])$
(3.3) $||e^{-tA}a||_{\infty}\leq M_{q,\infty}t^{-\frac{7}{2q}}‘||a||_{q}$ , $1<q\leq 2n$ ,
for all $a\in L_{\sigma}^{q}$ and all $t>0$ , with the constant $M_{q,\infty}$ depending only on $q$ .
By Lemma 3.1, we have the following lemmas.
Lemma 3.3 Let $0<T\leq\infty$ . Suppose that $u$ is a measu$7\mathrm{u}ble$ function with $t^{\frac{1-\alpha}{2}}u(\cdot)\in$
$L^{\infty}(\mathrm{O}, T;L^{n}\sigma/\alpha)$ for some $0<\alpha<1$ and that $w\in L^{\infty}(\mathrm{O},\tau;L_{\sigma^{1}}^{m}\cap L_{\sigma}^{m_{2}})$ for some $m_{1},m_{2}$ with
$\frac{n}{n-\alpha-1}\leq m_{1}<n<m_{2}$ . Then there holds
$| \int_{0}^{t}(w(s)\cdot\nabla e-(t-s)A\phi, u(_{S}))d\mathit{8}|+|\int_{0}^{t}(u(S)\cdot\nabla e^{-(}-s)A\phi t,(wS))dS|$
$\leq$
$C( \alpha,m_{1}, m_{2}, n)(||w||_{m_{1}},\infty;\tau+||w||m_{2},\infty;^{\tau})(\sup_{0<s<t}s\frac{1-\alpha}{2}||u(S)||n/\alpha)t\frac{\alpha-1}{2}||\phi||_{\frac{n}{n-\alpha}}$
for all $0<t<T$ .
Lemma 3.4 Let $0<T\leq\infty$ and let $v$ and $w$ be measurable functions with $w\in L^{\infty}(\mathrm{O}, T;L^{n}\sigma/\gamma)$
and $t^{\frac{1-\alpha}{2}}v(\cdot)\in L^{\infty}(\mathrm{O}, T;L_{\sigma}^{n/}\alpha)$ for some $0<\gamma,$ $\alpha<1$ . Then for $\delta\in[\alpha, \alpha+\gamma]$ and $0<\beta<$
$\frac{1}{2}+\frac{\delta}{2}-\frac{\alpha}{2}-\frac{\gamma}{2}(>0)$ ,
$F_{w,v}(t, h)$ $\equiv$ $| \int_{0}t+h)(w(s)\cdot\nabla e-\mathrm{t}t+h-s)A\phi,$$v(S)ds- \int_{0}(w(s)\cdot\nabla e^{-()}-st)tA\phi,$$v(s)dS|$
$\leq$ $C(_{0\tau} \sup_{<s<}||w(s)||_{n}/\gamma \mathrm{I}(_{0\tau}\sup_{<s<}s\frac{1-\alpha}{2}||v(s)||n/\alpha \mathrm{I}$
$\mathrm{x}(h^{\beta}t^{\frac{\delta}{2}-}\frac{\gamma}{2}-\alpha-\beta h\frac{1}{2}++\frac{\delta}{2}-\frac{\alpha}{2}-\frac{\gamma}{2}t\frac{-1+\alpha}{2})||\phi||,‘\frac{n}{-\delta}$





for all $h>0$ and $0<t<t+h<T$ , where $C$ is independent of $w,$ $v,$ $\phi$ and T. For $\delta\in[\alpha, 2\alpha]$
and $0< \beta<\frac{1}{2}-\alpha+\frac{\delta}{2}(>0)$ ,
$F_{v,v}(t, h)$ $\equiv$ $| \int_{0}^{t+h}(v(S)\cdot\nabla e-\mathrm{t}t+h-S)A\phi,v(s))ds-\int_{0}t,)(v(s)\cdot\nabla e^{-}-S)A\phi(tv(S)d_{S}|$
$\leq$ $C(_{0\tau} \sup_{<s<}s^{\frac{1-\alpha}{2}}||v(S)||_{n}/\alpha)2‘\frac{\iota}{\tau-\delta}(h\beta t\frac{s}{2}-\frac{1}{2}-\beta+h\frac{1}{2}-\alpha+\frac{\delta}{2}t-1+\alpha)||\phi||,$ ,
for all $h>0$ and $0<t<t+h<T$ .
Concerning the mild solution, we have
Lemma 3.5 Let $h\in(0,T)$ and let $u$ be a mild solution of $(N-S’)$ in the class $S_{r}(\mathrm{o},\tau)$ ,
$(n<r<\infty)$ . Then $u(\cdot+h)$ is also a mild $\mathit{8}oluti_{\mathit{0}}n$ of $(N-S’)$ in the class $S_{r}(\mathrm{o},\tau-h)$ with
initial data $u(h)$ . .
Concerning the uniqueness of mild solutions, we have
Lemma 3.6 (Uniqueness) Let $a\in L_{\sigma}^{n}$ and let $w\in L^{\infty}(\mathrm{O}, \tau;L_{\sigma}^{m})$ for some $m>n$ . Suppose
that $n<r<\infty$ . Then the mild solution of $(N-S^{/})i_{\mathit{8}}$ unique within the class $S_{r}(0, T)$ .
Proof. Following [13] we give the proof. Let $u$ and $v$ be mild $s$olutions of $(N-S’)$ in $S_{r}(0, T)$








$/2|u(S)||n/ \beta+\sup_{0<s\leq t}s^{(-}|1\beta)/2|v(_{S)||_{n}}/\beta$ ’
where $\beta=n./r$ . Similarly to the proof of Lemma 3.3, we have by (iii) in Definition 2 and Lemma
3.1 that
$|(u(t)-v(t), \phi)|\leq\{C_{*}K(t)+B*t^{\frac{1}{2}\mathrm{t}}-\frac{7}{m}‘)\}1D(t)||\phi||_{\frac{7\iota}{n-1}}$,
for all $\phi\in C_{0,\sigma}^{\infty}$ and all $0<t<T$ , where $C_{*}=M_{\frac{\prime n}{\tau\iota-1}\frac{\mathfrak{n}}{n-1-\beta}},B( \frac{1-\beta}{2}, \frac{1+\beta}{2})$and $B_{*}= \frac{4m}{m-n}M_{\frac{/n}{n.-1},s^{||};T}w||m,\infty$ ’
$(1/\delta=1-1/m-1/n)$ . By duality we have.
$D(t) \leq(C_{*}K(t)+B_{*}t^{\frac{1}{2}\mathrm{t}-}\frac{\mathfrak{n}}{m}))1D(t)$ , $0<t<T$ .
Since $\lim_{tarrow+0K}(t)=0$ , we can choose small positive number $t_{0}$ such that $D(t_{0}) \leq\frac{1}{2}D(t_{0})$ ,
which implies
$u(t)\equiv v(t)$ for $0\leq t\leq t_{0}$ .





$0 \leq s\leq ts\mathrm{u}\mathrm{p}s|(1-\beta)/2|u(S+h)||n/\beta+\sup s(1-\beta)/0\leq s\leq t|2|v(S+h)||_{n}/\beta$ ’
$K_{*}$ $\equiv$
$0 \leq s\mathrm{s}\mathrm{u}\mathrm{p}s^{\langle-}\leq T0\leq 1\beta)/2||u(_{S})||_{n/\beta}+\sup s(1-\beta)/2||v(S\leq\tau S)||_{n}/\beta$’
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for $0<t<t+h<T$ . We easily show
$K^{h}(t)\leq K_{*}h^{\frac{-1+\beta}{2}}t^{\frac{1-\beta}{2}}\leq K_{*}t^{\frac{-1+\beta}{02}}t^{\frac{1-\beta}{2}}$
for all $h\geq t_{0}$ and all $0<t<T-h$ .
Suppose that $u(t_{1})\equiv v(t_{1})$ for some $t_{1}\geq t_{0}$ . Then, by lemma 3.5 we see that $u(\cdot+t_{1})$ and
$v(\cdot+t_{1})$ is mild solutions in the class $S_{r}(0, T-t1)$ with same initial data $u(t_{0})$ . By the above
argument we have
$D^{t_{1}}(t)\leq(C_{*}K^{t_{1}}(t)+B_{*}t^{\frac{1}{2}(1-\frac{\tau\iota}{m})})D^{t_{1}}(t)$ , $0<t<T-t_{1}$ .
Letting $\xi\equiv\min\{1/(4c_{*}t^{\frac{-1+\beta}{02}}K_{*})\frac{2}{\beta-1},1/(4B_{*})^{\frac{27\mathfrak{l}\iota}{n-\tau\iota}\}}‘$ , we obtain $D^{t_{1}}( \xi)\leq\frac{1}{2}D^{t_{1}}(\xi)$ which implies
$u(t)\equiv v(t)$ for $t_{1}\leq t\leq t_{1}+\xi$ .
Since $\xi$ can be choosen independent of $t_{1}$ , we can repeat the same argument as above for $t\geq t_{1}+\xi$
and we have $u(t)\equiv v(t)$ for all $t\in[0,T)$ . This proves Lemma 3.6.
4 Proof of Theorems 2.1 and 2.2.
Proof of Theorem 2.1. Let us construct the mild solution according to the following scheme:
(4.1) $u_{0}(t)=$ $e^{-tA}a$ ,
(4.2) $(u_{j+1}(t), \phi)=$ $(e^{-tA}a, \phi)+\int_{0}^{t}(u_{j}(s)\cdot\nabla e^{-}-s)A\phi(t,(u_{j}S))dS$
$+ \int_{0}^{t}(w(s)\cdot\nabla e-(t-S)A\phi,u_{j}(_{\mathit{8}))d_{S}}$
$+ \int_{0}^{t}(u_{j}(_{S)}\cdot\nabla e^{-}-tS)A\phi(,w(s))d_{S},$ $j=0,1\ldots$ .
for all $\phi\in C_{0,\sigma}^{\infty}$ and all $0<t<\infty$ . Indeed, we can see that there is a function $u_{j+1}$ satisfying
(4.2) with $t^{1/4}u_{j+}1(\cdot)\in L^{\infty}(\mathrm{O}, \infty);L_{\sigma}^{2n})$ if $t^{1/4}u_{j}(\cdot)\in L^{\infty}(\mathrm{O}, \infty);L_{\sigma}^{2n})$ . To see this, we assume
that
(4.3) $\sup_{0<t<\infty}t\frac{1-\alpha}{2}||u_{j}(t)||_{\frac{n}{\alpha}}\leq K_{\alpha,j}<\infty$ for some $0<\alpha\leq 1/2$ .
From Lemma 3.1, we obtain
(4.4) $| \int_{0}^{t}(u_{j}(S)\cdot\nabla e-\mathrm{t}^{t}-S)A\phi,u_{j}(_{S}))dS|\leq M_{\frac{/n}{n-\alpha}\frac{n}{n-2\alpha}},(K_{\alpha},j)^{2}B(\alpha, \frac{1-\alpha}{2})t\frac{\alpha-1}{2}||\phi||‘\frac{\tau\iota}{\tau-\alpha}$
for all $\phi\in C_{0,\sigma}^{\infty}$ and all $0<t<\infty$ . By Lemma 3.3, we have
(4.5) $| \int_{0}^{t}(w(_{S})\cdot\nabla e-\langle t-s)A\phi,uj(s))dS|+|\int_{0}^{t}(u_{j}(s)\cdot\nabla e-(t-S)A\phi,w(S))d_{S1}$
$\leq$
$C( \alpha, m_{1}, m_{2},n)(||w||_{m}1,\infty+||w||_{m\infty}2,)(\sup_{s0<<t}s\frac{1-\alpha}{2}||uj(_{S})||_{n/\alpha})t\frac{\alpha-1}{2}||\phi||_{\frac{n}{n-\alpha}}$
for $\mathrm{a}\mathrm{U}0<t<\infty$.
Obviously we have
(4.6) $|(e^{-tA}a, \phi)|\leq||e^{-tA}a||\frac{\tau\iota}{\alpha}||\phi||\frac{\tau}{\tau\iota-\alpha}‘\leq M_{n,\frac{\tau\iota}{\alpha}}t^{\frac{\alpha-1}{2}}||a||_{\frac{7}{\alpha}}‘||\phi||\frac{?}{n-\alpha}$‘
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Hence it follows from $(4.4),(4.5),(4.6)$ and duality that under the assumption (4.3), there is a
unique function $u_{j+1}(t)\in L_{\sigma}^{n/\alpha}$ satisfying (4.2) for all $t>0$ with
(4.7) $\sup_{0<t<\infty}t\frac{\alpha-1}{2}||u_{j+1}(t)||\frac{\tau\iota}{\alpha}$ $\leq$ $M_{n,\frac{n}{\alpha}}||a||_{n}+C_{1}(\alpha,n)(K_{\alpha,j})^{2}$
$+C_{2}(\alpha,m1, m2, n)(||w||_{m}1,\infty+||w||_{m,\infty}2)K_{\alpha},j$ .
Now we have
$\sup_{0<t<\infty}t\frac{1-\alpha}{2}||u\mathrm{o}(t)||_{\frac{7}{\alpha}}‘=\sup_{0<t<\infty}t\frac{1-\alpha}{2}||e^{-tA}a||_{\frac{7}{\alpha}}‘\leq M_{n,\frac{\tau\iota}{\alpha}}||a||_{n}$ ,
which show (4.3) is true for $j=0$ with $K_{\alpha,0}=M_{n,\frac{n}{\alpha}}||a||_{n}$ . Therefore by induction we see that
for all $j=0,1\ldots$ , there is a unique function $u_{j+1}$ satisfying (4.2) and (4.3) with $j$ replaced by
$j+1$ and that
(4.8) $K_{\alpha,j+1}=K_{\alpha,0}+C_{1}(K_{\alpha},j)^{2}+C_{2}(||w||_{m_{1}},\infty+||w||_{m_{2}},\infty)K_{\alpha,j}$
Moreover, we can see that $u_{j}\in C(\mathrm{O}, \infty;L\sigma)n/\alpha$ . Indeed we have
$(u(t+h)-u(t), \phi)=((e-hA-1)e^{-}tAa, \phi)+F_{u_{j},u_{j}}(t, h)+F_{w,u_{j}}(t, h)+F_{u_{j},w}(t, h)$
for all $\phi\in C_{0,\sigma}^{\infty}$ and all $0<t<t+h$ , where $F_{u,v}(t, h)$ is defined in Lemma 3.4. From Lemma
3.1 we obtain
$|((e^{-hAt}-1)e^{-}a, \phi A)|\leq C(\alpha,\beta,n)h\beta t^{-}\beta-\frac{1}{2}+\frac{\alpha}{2}||a||_{n}||\phi||\frac{\tau\iota}{\tau\iota-\alpha},$ $(0<\beta<1)$
Hence from this estimate, Lemma 3.4 and duality it follows that $u_{j}\in C(\mathrm{O}, \infty : L_{\sigma}^{n/\alpha})$ .
If we assume for some $0<\alpha\leq 1/2$ that
(4.9) $C_{2}(\alpha,m1,m_{2},n)(||w||_{m}1,\infty+||w||_{m\infty}2,)<1$ ;
(4.10) $4M_{n,\frac{n}{\alpha}}||a||{}_{n}C_{1}(\alpha,n)<(1-^{c_{2(||w}}||_{m_{1}},\infty+||w||_{m_{2},\infty}))^{2}$ ,
then the sequence $\{K_{\alpha,j}\}_{j=\mathit{0}}\infty$ is bounded with
(4.11) $K_{\alpha,j}< \frac{1-^{c_{2}|||w}|||-\sqrt{(1-C_{2}|||w|||)2-4K_{\alpha,01(,n)}C\alpha}}{2c_{1(\alpha,n)}}\equiv k_{\alpha}$ , $j=\mathrm{O}1,$ $\ldots$ ,
where $|||w|||\equiv||w||_{m_{1},\infty}+||w||_{m_{2},\infty}$ . From now on we assume (4.9) and (4.10) for some $0<\alpha\leq$
$1/2$ . Set $v_{j}\equiv u_{j}-u_{j}-1(u_{-1}\equiv 0)$ . By Lemma 3.3 we see that
(4.12) $|(v_{j+1}(t), \phi)|\leq(2C_{1}k_{\alpha}+C_{2}|||w|||)(_{0<s<\infty}\sup s\frac{1-\alpha}{2}||v_{j}(S)||_{\frac{n}{\alpha})}t^{\frac{\alpha-1}{2}}||\phi||_{\frac{n}{n-\alpha}}$ .
Letting $C_{\alpha,3}\equiv 2C_{1}(\alpha, n)k_{\alpha}+C_{2}(||w||_{m_{1}},\infty+||w||_{m_{2}},\infty)$ , from duality we obtain
$0<S \sup_{<\infty}s^{\frac{1-\alpha}{2}1}|vj+1(_{S})||\frac{\tau\iota}{\alpha}\leq C_{\alpha,3}(_{0<}\sup_{S<\infty}S^{\frac{1-\alpha}{2}}||vj(s)||_{\frac{n}{\alpha}})$ , $j=0,1,$ $\ldots$ ,
which yields
(4.13) $0<S \sup_{<\infty}s^{\frac{1-\alpha}{2}}||v_{j}(S)||_{\frac{;\iota}{\alpha}}\leq(C_{\alpha,3})^{j}(_{0\infty}\sup_{<S<}s\frac{1-\alpha}{2}||v\mathrm{o}(S)||_{\frac{n}{\alpha}}\mathrm{I}\leq M_{n,\frac{7}{\alpha}}‘||a||_{n}(C\alpha,3)^{j}$ .
131
Since (4.11) implies $0<C_{\alpha,3}<1$ and since $u_{j}= \sum_{i=}^{j}0v_{i},$ $(4.13)$ yields alimit $u\in C((\mathrm{O}, \infty);L_{\sigma}^{n/})\alpha$
with $t^{\frac{1-\alpha}{2}}u(\cdot)\in BC((0, \infty);L_{\sigma}^{n/})\alpha$ such that
(4.14) $\sup_{0<t<\infty}t\frac{1-\alpha}{2}||u_{j}(t)-u(t)||_{\frac{n}{\alpha}}arrow 0$ as $jarrow\infty$ .
Following Kozono-Ogawa [13], we can show $\lim_{tarrow+0}t^{\frac{1-\alpha}{2}}||u(t)||\frac{\tau}{\alpha}‘=0$ . Indeed it follows that
(4.15) $\sup_{0<t<\tau}t^{\frac{1-\alpha}{2}1}|e-tAa||_{\frac{7}{\alpha}}$‘ $\leq$ $\sup_{0<t<\tau}t^{\frac{1-\alpha}{2}1}|e^{-t}(Aa-\tilde{a})||_{\frac{\tau}{\alpha}}‘+\sup_{\tau 0<t<}t\frac{1-\alpha}{2}||e^{-}tA\tilde{a}||_{\frac{\tau\iota}{\alpha}}$
$\leq$ $M_{n,\frac{n}{\alpha}}||a- \tilde{a}||n+M\frac{\tau\iota}{\alpha},’\frac{\iota}{\alpha}||\tilde{a}||\frac{\tau\iota}{\alpha}T^{\frac{1-\alpha}{2}}$
for all $\overline{a}\in L_{\sigma}^{n}\cap L_{\sigma}^{2n}$ and all $0<T<\infty$ . Since $(4.3)-(4.11)$ hold with $0<t<\infty$ replaced by
$0<t<T$ for arbitrary $T>0$ and since $L_{\sigma}^{n}\cap L_{\sigma}^{2n}$ is dense in $L_{\sigma}^{n},$ $(4.11)$ with the aid of (4.15)
yields
(4.16) $\sup_{0<t<\tau}t^{\frac{1-\alpha}{2}1}|uj(t)||_{\frac{\tau\iota}{\alpha}},\sup_{0<t<T}t\frac{1-\alpha}{2}||u(t)||\frac{\tau\iota}{\alpha}arrow 0$ as $Tarrow 0$
We next show $u\in BC([0, \infty));L_{\sigma}^{n})$ if (4.9) and (4.10) hold for $\alpha=1/2$ . From now on we
assume that (4.9) and (4.10) hold for $\alpha=1/2$ . Since $w\in L^{\infty}(\mathrm{O}, \infty;L^{m}\sigma 1\cap L_{\sigma}^{m_{2}})$, we can take
$0<\gamma<1$ such that $\alpha+\gamma\geq 1$ and $w\in L^{\infty}(\mathrm{O}, \infty;L_{\sigma}^{n}/\gamma)$ . Then, in the similar way to proving
$u_{j}\in C((\mathrm{O}, \infty);L_{\sigma}^{n/})\alpha$ , by Lemma 3.4 (with $\delta=1$ ) and duality, we have $u_{j}\in C((\mathrm{O}, \infty);L_{\sigma}n)$ .
From Lemma 3.1, we obtain
$||u0(t)||_{n}$ $\leq$ $M_{n,n}||a||_{n}$
$| \int_{0}^{t}(u_{j}(S)\cdot\nabla e-(t-S)A\phi,uj(s))dS|$ $\leq$ $M_{\frac{\prime n}{\tau\iota-1},\frac{\tau\iota}{n-1}(k_{\frac{1}{2}})B}2( \frac{1}{2}, \frac{1}{2})||\phi||_{\frac{\tau\iota}{\tau\iota-1}}$ ,
$| \int_{0}^{t}(w(S)\cdot\nabla e-(t-S)A\phi,uj(_{S}))dS|$ $\leq$ $M_{\frac{/\tau\iota}{\tau-1}\frac{2n}{2\tau\iota-3}}‘’||w||_{n}, \infty(k\frac{1}{2})B(\frac{1}{4}, \frac{3}{4})||\phi||_{\frac{\tau\iota}{\tau-1}}‘$
’
$| \int_{0}^{t}(w(S)\cdot\nabla e^{-}-A\phi(tS), uj(_{S}))dS|$ $\leq$ $M_{\frac{\prime\tau\iota}{\tau-1}\frac{2\tau\iota}{2\tau\iota-3}}‘’||w||_{n}, \infty(k_{\frac{1}{2}})B(\frac{1}{4}, \frac{3}{4})||\phi||_{\frac{\tau\iota}{\tau\iota-1}}$,
for all $\phi\in C_{0}^{\infty_{\sigma}},’ t>0$ , which yield the following uniform estimate:
$\sup_{0<t<\infty}||u_{j}+1||_{n}\leq M_{n},n||a||n+M\frac{/n}{n-1},\frac{\tau\iota}{\tau\iota-1}(k_{\frac{1}{2}})2B(\frac{1}{2}, \frac{1}{2})+2M\frac{\prime n}{\tau\iota-1},\frac{2\tau\iota}{2\tau \mathrm{t}-\}||w||_{n,\infty}kB\frac{1}{2}(\frac{1}{4}, \frac{3}{4})$ .
Concerning continuity of $u_{j}$ at $t=0$ in $L_{\sigma}^{n}$ , as above we obtain
$||u_{j+1}(t)-a||_{n}$ $\leq$ $||e^{-t}aA-a||n+M_{\frac{\prime\tau\iota}{\tau-1}\frac{n}{\tau\iota-1}}‘’(_{0<t} \sup_{<s}s^{1/4)B(,\frac{1}{2})}||uj(s)||_{2}n2\frac{1}{2}$
+2 $M_{\frac{\prime n}{7\iota-1}\frac{2\tau\iota}{2\tau-3}},‘||w||_{n,\infty}(_{0<S} \sup_{<t}s^{1/4}||u_{j()}s||2n)B(\frac{1}{4}, \frac{3}{4})$ ,
which yields with the aid of (4.16) $\lim_{tarrow+0}||u_{j}(t)-a||_{n}=0$ . Concerning $v_{j}(\equiv u_{j}-u_{j-1})$ , as
(4.12) we have
$|(v_{j+1}(t),\phi)|$ $\leq$ $2M_{\frac{/n}{\tau\iota-1}}, \frac{\tau\iota}{n-1}k_{1/2}B(\frac{1}{2}, \frac{1}{2})(_{0<s}\sup S^{\frac{1}{4}}||v_{j}(S)||_{2n)}<\infty||\phi||_{\frac{\tau\iota}{\tau\iota-1}}$
$+2M_{\frac{\prime n}{\tau\iota-1})\frac{2n}{2\tau\iota-1}}||w||_{n}, \infty^{B}(\frac{3}{4}, \frac{1}{4})(_{0<s}\sup S^{\frac{1}{4}}||v_{j}(S)||_{2n)}<\infty||\phi||_{\frac{7\iota}{n-1}}$ ,
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which implies by duality that
(4.17) $\sup_{0<S<\infty}||v_{j+1}(s)||_{n}\leq C(n,w, k1/2)\sup_{<S<}s0\infty\frac{1}{4}||v_{j}(S)||2n$ for $j=0,1,$ $\ldots$ .






$\leq CM_{n,2n}||a||n\sum_{=jm}l-1(C_{\alpha},3)j$ for, $l>m\geq 0$ .
Hence it follows from (4.18) and $0<C_{\alpha,3}<1$ that the limit $u$ belongs to $u\in BC([0, \infty);L_{\sigma}n)$ .
To see that $u$ is desired mild solution of (N-S’) in the class $S_{2n}(\mathrm{o}, \infty)$ , we need to prove that $u$
satisfies (iii) in Definition 2. By Lemma 3.1 and (4.14), we have
$| \int_{0}^{t}(u_{j}(S)\cdot\nabla e^{-(tS)A}-\phi,u_{j}(S))dS-\int_{0}^{t}(u(s)\cdot\nabla e^{-(}-S)A\phi t,$ $u(s))ds|$
$\leq$ $\int_{0}^{t}(||uj(_{S)}||2n+||u(S)||2n)||u_{j(_{S)(s}}-u)||2n||\nabla e-(t-s)A\phi||_{\frac{n}{\tau\iota-1}}dS$
$\leq$
$2M_{\frac{/n}{\tau\iota-1}\frac{n}{\tau-1}},‘ k_{\frac{1}{2}\sup_{0<S<\infty}||u_{j}(S}s^{\frac{1}{4}})-u(s)||_{2}nB( \frac{1}{2}, \frac{1}{2})||\phi||_{\frac{7}{\tau-1}}‘$‘
$arrow 0$ as $jarrow\infty$ $(\phi\in C_{0}^{\infty},\sigma)$ ,
$| \int_{0}^{t}(w(_{S})\cdot\nabla e^{-}-)A\phi(ts, uj(S))ds-\int_{0}^{t}(w(s)\cdot\nabla e-(t-S)A\phi, u(_{S}))dS|$
$\leq$
$M_{\frac{/\tau\iota}{\tau\iota-1}\frac{2\tau}{2n-3}},‘||w||_{n,\infty}$ $\sup s^{\frac{1}{4}}||uj(_{S))}-u_{(}S||2nB(\frac{1}{4}, \frac{3}{4})||\phi||\frac{n}{n-1}$
$0<s<\infty$
$arrow 0$ as $jarrow\infty$ $(\phi\in C_{0}^{\infty},\sigma)$ ,
$| \int_{0}^{t}(u_{j}(S)\cdot\nabla e^{-}\phi(t-S)A,w(s))ds-\int_{0}^{t}(u(_{S})\cdot\nabla e-(t-S)A\phi, w(s))dS|$
$arrow 0$ as $jarrow\infty$ $(\phi\in C_{0}^{\infty},\sigma)$ ,
which yield (iii) in Definition 2. Now it remains to show that
$||u(t)||_{l} \leq ct^{-\frac{\tau\iota}{2}(\frac{1}{n}-)}\frac{1}{l}$ for $n\leq l\leq 2n$ .
Since $u\in L^{\infty}(\mathrm{O}, \infty;L^{n})$ and $t^{1/4}u(\cdot)\in L^{\infty}(\mathrm{O}, \infty;L^{2n})$ , we get this estimate by the H\"older
inequality. This completes the proof of Theorem 2.1.
As for the proof of Theorem 2.2, we have $t^{\frac{1-n/r}{2}}u(\cdot)\in L^{\infty}(0, \infty;L_{\sigma}^{r})$ , provided (4.9) and (4.10)
hold for $\alpha=n/r$ . The remaining argument is similar to the above. This proves Theorem 2.2.
5 Proof of Theorem 2.3.
Let $L_{loc}^{\infty}([\mathrm{o}, \infty);Ln)$ denote the set of all measurable functions $u$ such that $u\in L^{\infty}(\mathrm{O}, T;L^{n})$ for
all $T>0$ . To prove Theorem 2.3, We need the following local existence theorem:
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Theorem 5.1 (Local existence) Let $a$ $\in L_{\sigma}^{n}\cap L_{\sigma}^{n/\alpha}$ for some $a$ $\in(0,1)$ and let $w$ be a
$mea\mathit{8}urable$ function on $(0, \infty)$ with $w\in L^{\infty}(\mathrm{O}, \infty;L_{\sigma}^{m})$ for some $m>n$ and $t^{1/2}\nabla w(\cdot)\in$
$L_{loc}^{\infty}([\mathrm{o}, \infty);Ln)$ . Then there exists a mild solution $u$ of $(N-S’)$ in the class $S_{n/\alpha}(0, \tau^{*})$ satisfying
$u(t)=e^{-tA}a- \int_{0}^{t}e^{-(S)A}-Pt(u\cdot\nabla u+w\cdot\nabla u+u\cdot\nabla w)(S)d_{S}$ in $L_{\sigma}^{n}$
where
$T^{*}= \min\{[\frac{1}{16(C_{1}+C4)M\frac{7}{\alpha}\frac{n}{\alpha}||a||_{\frac{\tau\iota}{\alpha}}}‘,]^{\frac{2}{1-\alpha}},$ $( \frac{1}{2(C_{4}+c_{5})||w||_{m,\infty}}\mathrm{I}^{\frac{2m}{\pi-\tau\iota}}‘\}$ ,
$C_{1}=C_{1(}a,$ $n)=M_{\frac{/n}{\tau\iota-\alpha}\frac{\tau\iota}{\tau\iota-2\alpha}},B( \alpha, \frac{1-\alpha}{2})$
$C_{4}=Q_{\frac{n}{\alpha+1}M_{\frac{/n}{\alpha+1},n}}B( \frac{1-\alpha}{2}, \frac{\alpha}{2})+Q‘\frac{nm}{\tau+rn}M_{\frac{/\tau\iota\tau 1\iota}{\tau+m}}‘’ B(n\frac{1}{2}(1-\frac{n}{m}), \frac{1}{2})$, $Q_{l}=||P_{l}||_{B\langle,L_{\sigma}}L\iota l)$ ’
$C_{5}=2M_{\frac{\prime n}{\tau-\alpha}\frac{mn}{\tau r\iota\tau-m\alpha-7}}‘’" B( \frac{\alpha+1}{2}, \frac{1}{2}(1-\frac{n}{m}))$ .
Moreover if there is positive number $\kappa\in(0,1)$ such that
$w\in C^{\kappa}([\xi,\tau*];L\infty)$ , $\nabla w\in o^{\kappa}([\xi, T*];L^{n})$
for all $\xi\in(0, T^{*})$ , then $u$ is also a strong solution of $(N-S^{/})$ on $(0,T^{*})$ .
Remark. In case $w\equiv 0$ , the existence interval $T^{*}$ was obtained by Giga [6].
Proof of Theorem 5.1. Let us construct the strong solution according to the following scheme:
(5.1) $u_{0}(t)=e^{-tA}a$ ,
(5.2) $u_{j+1}(t)=$ $e^{-tA}a- \int_{0}^{t}e^{-(t-S})AP(uj. \nabla uj)(S)d_{\mathit{8}}$
$- \int_{0}^{t}e^{-(}t-S)AP(w\cdot\nabla uj)(S)ds-\int_{0}^{t}e^{-(ts}-)AP(uj. \nabla w)(S)d_{\mathit{8}}$.
Then we can see that for $0<T<\infty$
(5.3) $\sup_{0<t<\tau}t^{\frac{1-\alpha}{2}1}|uj(t)||n/\alpha\leq K\alpha j\tau,<\infty$, $j=0,1,$ $\ldots$ ,
(5.4) $\sup_{0<t<\tau}t^{\frac{1}{2}1}|\nabla u_{j}(t)||_{n}\leq L_{j}\tau_{<\infty}$ , $j=0,1,$ $\ldots$ .
Suppose that (5.3) and (5.4) are true. Then, multiplying (5.2) by $\phi$ and integrating by parts,
we obtain the identity (4.2). We have by (3.2) and the H\"older inequality that
(5.5) $| \int_{0}^{t}(w(S)\cdot\nabla e^{-}-S)A\phi,u_{j()}S)(t|dS+|\int_{0}^{t}(u_{j}(_{\mathit{8}})\cdot\nabla e^{-(s}t-)A\phi, w(_{S}))dS|$
$\leq$
$C_{5}||w||_{m}, \infty;\tau(0<<t\sup_{s}s^{\frac{1-\alpha}{2}}||u_{j}(S)||n/\alpha)t\frac{\alpha-1}{2}\tau^{\frac{1}{2}}(1-\frac{7\iota}{7tl})||\phi||_{\frac{n}{\tau\iota-\alpha}}$ .
As in the proof of Theorem 2.1, by (4.4) and (5.5) we have that
(5.6) $K_{\alpha,j+1}^{T} \leq K_{\alpha,01}^{T2(-}+C(\alpha,n)(K_{\alpha}^{\tau},j)+C5||w||m,\infty;TT\frac{1}{2}1\frac{n}{\tau n})K_{\alpha}T,j$.
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Concerning (5.4), we have
$||\nabla u0(t)||_{n}\leq M_{n,n}’||a||_{n}t-1/2$
$|| \nabla\int_{0}^{t}e^{-(t-\mathrm{s}}P(uj\nabla u_{j}))A.(S)d_{S||_{n}/2}\leq Q_{\frac{\mathfrak{n}}{\alpha+1}}M\frac{/\tau\iota}{\alpha+1},n^{K^{\tau}}\alpha,jL^{\tau 1}jB(\frac{1-\alpha}{2}, \frac{\alpha}{2})t^{-}$
$|| \nabla\int_{0}^{t}e^{-(-S}Pt)A(w\cdot\nabla uj)(_{S})ds||n‘-\leq Q\frac{\mathfrak{n}\tau n}{\tau\iota+m}M\frac{/\tau m}{n+m},n||w||_{m},\infty LTB(\frac{1}{2}(1-\frac{n}{m}), \frac{1}{2})t\frac{n}{2\tau n}j$
$|| \nabla\int_{0}^{t}e^{-(t-}P(u_{j}\cdot\nabla w)(S)ds|s)A|n‘\frac{1-\alpha}{2}\leq Q_{\frac{\tau\iota}{\alpha+1}MK_{\alpha,j}}\frac{/\tau}{\alpha+1},n||(\cdot)/2\nabla w||_{n},\infty;\tau B(, \frac{\alpha}{2}T1)t^{-1}/2$
Hence (5.4) is true with $j$ replaced by $j+1$ , with




$\frac{\tau\iota}{\alpha+1},nB(\frac{1-\alpha}{2}, \frac{\alpha}{2})+Q_{\frac{7\mathrm{t}\tau n}{n+nx}M_{\frac{/n\pi\iota}{\tau+m},n}}‘ B(\frac{1}{2}(1-\frac{n}{m}), \frac{1}{2})$ . Therefore by induction, we
get (5.3) and (5.4) for $j=0,1,$ $\ldots$ . Let $C_{6}(T)=1-C_{5}||w||_{m}, \infty\tau\frac{1}{2}(1-\frac{n}{m})$ . Since we may take
$K_{\alpha}^{\tau_{0}}, \equiv M_{\frac{\tau\iota}{\alpha}},\frac{n}{\alpha}||a||_{\frac{n}{\alpha}}\tau^{\frac{1-\alpha}{2}}$ , by (5.6) we have
(5.8) $K_{\alpha,j}^{T}< \frac{C_{6}(T)-\sqrt{(c_{6}(T))2-.4c_{1}M\frac{n}{\alpha}\frac{\tau\iota}{\alpha}||a||_{\frac{}{\alpha}}\tau\frac{1-\alpha}{2}}}{2C_{1}},’‘\equiv k_{\alpha}^{T}$, $j=0,1,$ $\ldots$ ,
provided
(5.9) $C_{6}(T)=1-C_{5}||w||m, \infty T^{\frac{1}{2}\langle}1-\frac{\tau}{m}‘)>0$ ,
(5.10) 4$C_{1}M_{\frac{n}{\alpha}\frac{n}{\alpha}},||a||_{\frac{\tau}{\alpha}}‘ \tau\frac{1-\alpha}{2}<(1-C_{5}||w||m,\infty T^{\frac{1}{2}()}1-\frac{n}{\pi\iota})^{2}$ .
Since $C_{6}(T^{*})=1-C_{5}||w||_{m}, \infty^{T^{*\frac{1}{2}(}})1-\frac{n}{\tau n}>1/2,4C_{1}M_{\frac{n}{\alpha}},\frac{\tau}{\alpha}‘||a||_{\frac{n}{\alpha}T^{*\frac{1-\alpha}{2}}}<1/4,$ $T^{*}$ satisfies (5.9)
and (5.10). Hence, as in the proof of Theorem 2.1, we obviously see that there is a limit
$u\in C((0,\tau^{*});L^{n}\sigma)/\alpha$ with $t^{\frac{1-\alpha}{2}}u(\cdot)\in BC([0, T^{*});L_{\sigma}^{n/}\alpha)$ stisfying
$\sup_{0<t<T^{*}}t^{\frac{1-\alpha}{2}}||uj(t)-u(t)||_{n}/\alphaarrow 0$ as $jarrow\infty$ ,
$\sup_{0<t<\tau}t^{\frac{1-\alpha}{2}1}|u(t)||_{n/\alpha}arrow 0$ as $Tarrow+0$ .
Moreover we shall show $t^{1/2}\nabla u(\cdot)\in L^{\infty}(0, \tau*n;L)$ . $(5.7)$ and (5.8) yield
(5.11) $L_{j+1}^{T^{*}} \leq M_{n,n}’||a||n+Q_{\frac{n}{\alpha+1}M_{\frac{/\mathfrak{n}}{\alpha+1},n}}B(\frac{1-\alpha}{2} , \frac{\alpha}{2})k_{\alpha}^{T^{*}}||(\cdot)^{1/2}\nabla w||_{n,\infty};T^{*}$
$+C_{4}(k_{\alpha}^{\tau}+*||w||m, \infty^{T)L_{j}}*\frac{1}{2}(1-\frac{n}{m})\tau*$
We can see $C_{4}k_{\alpha}^{\tau*}<1/2$ and $C_{4}||w||_{m}, \infty\tau*\frac{1}{2}(1-\frac{n}{\tau n})<1/2$ . Indeed if $\frac{1}{2C_{4}}>\frac{C_{6}(T^{*})}{2C_{1}}$ , then it follows
from (5.8) that $k_{\alpha}^{T^{*}}< \frac{1}{2C_{4}}$ . If $\frac{1}{2C_{4}}\leq\frac{C_{6}(T^{*})}{2C_{1}}$ , i.e., $C_{6}(T^{*})- \frac{c_{1}}{c_{4}}\geq 0$ , then it follows from the





By the definition of $T^{*}$ we obviously have $C_{4}||w||_{m}, \infty\tau*\frac{1}{2}(1-\frac{n}{\pi\iota})<1/2$. Thus we obtain
(5.12) $C_{4}(k \alpha T^{*}+||w||_{m,\infty}\tau*\frac{1}{2}(1-\frac{n}{nl}))<1$ .
Hence from (5.11) we see that the sequence $\{L_{j}^{T^{*}}\}_{j}^{\infty}=0$ is bounded with
(5.13) $L_{j}^{T^{*}}< \frac{M_{n,n}’||a||_{n}+Q\frac{n}{\alpha+1}M\frac{/\tau\iota}{\alpha+1},n(B\frac{1-\alpha}{2},\frac{\alpha}{2})||(\cdot)^{1}/2\nabla w||n,\infty;T^{*k_{\alpha}}T^{*}}{1-C_{4}(k_{\alpha}\tau*|+|w||_{m},\infty\tau*\frac{1}{2}(1-\frac{\tau\iota}{\tau n}))}\equiv L^{T^{*}}$
By standerd argument, such a bound yields
$t^{1/2}\nabla u(\cdot)\in L^{\infty}(0, \tau*n;L)$ .
By (5.1) and (5.2) we easily show that $u_{j}\in C([\mathrm{o},\tau^{*});L_{\sigma}^{n})$ for $j=0,1,$ $\ldots$ . In the similar way to
proving (5.11), we have
$\sup_{0<t<T*}||uj+1||_{n}$
$\leq$
$M_{n,n}||a||_{n}+Q \frac{\tau\iota}{\alpha+1}M\frac{\tau\iota}{\alpha+1},nB(1-\frac{\alpha}{2}, \frac{\alpha}{2})k_{\alpha}^{\tau**}(L\tau|+|(\cdot)\frac{1}{2}\nabla w||n,\infty;\tau*)$
$+Q_{\frac{mn}{\pi\iota+n}}M_{\frac{\tau nn}{m+n},n}B(1- \frac{n}{2m}, \frac{1}{2})||w||_{m},\infty;T*L^{\tau(}*\tau*\frac{1}{2}1-\frac{n}{\eta l})$
for $j=0,1,$ $\ldots$ , which yields $u\in BC([0, T^{*});L_{\sigma}n)$ . Hence as in the proof of Theorem 2.1, we
see that $u$ is a unique mild solution of (N-S’) in the class $S_{n/\alpha}(0, \tau^{*})$ . It follows from (iii) of
Definition 2 and integration by parts that
(u $(t),$ $\phi$)- $=$ $(e^{-tA}a, \phi)-\int_{0}^{t}(e^{-\mathrm{t}^{t}-}Ps)A(u\cdot\nabla u)(s),$ $\phi)ds$
$- \int_{0}^{t}(e^{-(}-S)APt(w\cdot\nabla u)(S),$ $\phi)ds-\int_{0}^{t}(e^{-}P(t-s)A(u\cdot\nabla w)(S), \phi)d_{S}$ ,
for all $\phi\in C_{0,\sigma}^{\infty}$ , all $0<t<T^{*}$ . It is easy show that $\int_{0^{e^{-}P}}^{tt(s}(t-S)A(u\cdot\nabla u)(s)dS,$$\int \mathrm{o}^{e^{-}}Pt-)A(w$ .
$\nabla u)(s)d_{S}$ and $\int_{0}^{t}e^{-(}$ )$APt-S(u\cdot\nabla w)(\mathit{8})ds$ belong to $L_{\sigma}^{n}$ for all $0<t<T^{*}$ . Thus we obtain
(5.14) $u(t)=e^{-tA}- \int_{0}te^{-()}Pt-SA(u\cdot\nabla u)(s)d_{S}$
$- \int_{0}^{t}e^{-(t-S}P(w\cdot\nabla u)()A)sd_{S}-\int_{0}^{t}e^{-(}-s)APt(u\cdot\nabla w)(S)d_{S}$ in $L_{\sigma}^{n}$ ,
for $0<t<T^{*}$ . Next we shall show that this mild solution $u$ is actually a strong solution if $w$
satisfies, for some $\kappa\in(0,1),$ $w\in C^{\kappa}([\xi,\tau*];L^{\infty})$ , $\nabla w\in C^{\kappa}([\xi,\tau*];L^{n})$ for all $\xi\in(0, T^{*})$ .
Since $w\in L^{\infty}(\mathrm{O}, T^{*m}; L)$ implies that $\sup_{0<s<\tau*}s\frac{1-\delta}{2}||w(s)||_{n/}\mathit{5}<\infty$ for $\delta=n/m$ , by (5.14)
we have $\sup_{0<S<T^{*}}s\frac{1-S}{2}||u(s)||n/\delta<\infty$ . As in [12, Lemma A.4], from Lemmas 3.1 and 3.2 we
obtain for $\kappa^{/}>0$ with $0<\delta/2+\kappa^{/}<1/2$ ,
(5.15) $||u(t+h)-u(t)||\infty$ $\leq$ $M(h^{\hslash^{l}}t- \frac{1}{2}-\kappa^{J}+h^{\frac{1}{2}-\frac{s}{2}}t-1+\frac{s}{2})$,
(5.16) $||\nabla u(t+h)-\nabla u(t)||_{n}$ $\leq$ $M(h^{\kappa’}t^{-\frac{1}{2}-\kappa’}+h^{\frac{1}{2}-\frac{s}{2}}t^{-1+\frac{\delta}{2}})$ ,
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for all $0<t<t+h<T^{*}$ . From these estimates and the hypotheses on $w$ it follows that, for
some $\kappa_{0}>0$ ,
$u\cdot\nabla u$ , $w\cdot\nabla u$ , $u\cdot\nabla w\in C^{\kappa}0([\xi,\tau*];L^{n})$
for all $\xi\in(0, T^{*})$ . Then a well-known theory of holomorphic semigroup states that $u$ is a strong
solution of $(N-S’)$ on $(0, T^{*})$ (see, e.g., Tanabe [16, Theorem 3.3.4]). This completes the proof
of Theorem 5.1.
Proof of Theorem 2.3. Let $w$ is a strong solution of $(N-S)$ for some $f\in C(\mathrm{O}, \infty;Ln)\sigma$ . Since
$w$ is a strong solution of $(N-S)$ on $(0, \infty)$ , we have $\nabla w\in L^{\infty}(\epsilon,T;Ln)$ for all $0<\epsilon<T<\infty$ ,
which implies
$t^{1/2}\nabla w(\cdot+\epsilon)\in L_{loC}^{\infty}([0, \infty);Ln)$ .
Moreover, as in [12, Lemma A.4], from Lemmas 3.1 and 3.2 we obtain for some $\kappa\in(0,1)$ ,
(5.17) $w\in C^{\kappa}([\xi, T];L^{\infty})$ , $\nabla w\in C^{\kappa}([\xi,T];L^{n})$
for all $0<\epsilon<\xi<T<\infty$ . Since $u$ is the mild solution in the clas$sS_{2n}(\mathrm{o}, \infty)$ , we have
$\sup_{s\geq\epsilon}||u(S)||2n\leq A_{\epsilon}<\infty$ for $\epsilon>0$ .
Letting $a=1/2$ and
$T_{\epsilon}^{*}= \min\{[\frac{1}{16(C_{1}+c_{4})M2n,2nA\epsilon}]4,$ $( \frac{1}{2(C_{4}+C5)||w||_{m_{2}},\infty})\frac{2m_{2}}{m_{2^{-\mathcal{R}}}}\}$ ,
by Lemma 3.5, Lemma 3.6 and Theorem 5.1 we see that $u$ is a strong solution on all interval
$(t,t+T_{\epsilon}^{*})\subset(\epsilon, \infty)$ . Hence we conclude by standard argument that $u$ is a strong solution on
$(\epsilon, \infty)$ . Since $\epsilon>0$ is arbitrary, thi$s$ completes the proof of Theorem 2.3.
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